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Abstract. 

Spherically symmetric thin-shell wormholes in the presence of a cosmological 
constant are constructed applying the cut-and-paste technique implemented by Visser. 
Using the Darmois-Israel formalism the surface stresses, which are concentrated at 
the wormhole throat, are determined. This construction allows one to apply a 
dynamical analysis to the throat, considering linearized radial perturbations around 
static solutions. For a large positive cosmological constant, i.e., for the Schwarzschild- 
de Sitter solution, the region of stability is significantly increased, relatively to the 
null cosmological constant case, analyzed by Poisson and Visser. With a negative 
cosmological constant, i.e., the Schwarzschild-anti de Sitter solution, the region of 
stability is decreased. In particular, considering static solutions with a generic 
cosmological constant, the weak and dominant energy conditions are violated, while 
for do < 3M the null and strong energy conditions are satisfied. The surface pressure 
of the static solution is strictly positive for the Schwarzschild and Schwarzschild-anti 
de Sitter spacctimes, but takes negative values, assuming a surface tension in the 
Schwarzschild-de Sitter solution, for high values of the cosmological constant and the 
wormhole throat radius. 
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1. Introduction 

Wormhole solutions are necessarily associated with violations of the energy conditions 
PP, namely the existence of exotic matter. Being a problematic issue, it is useful to 
minimize the usage of exotic matter, although energy condition violations in quantum 
field theory are well known E] . Thus, one may concentrate the exotic matter to a 
thin-shell localized at the throat, using a simple and elegant class of wormhole solutions 
implemented by Matt Visser using the cut-and-paste construction El El ■ The surface 
stress-energy tensor components of the exotic matter at the throat are determined, 
invoking the Darmois-Israel formalism 0IE]. 

This construction also permits one to explore a dynamical analysis of the wormhole 
throat. Poisson and Visser analyzed a thin-shell wormhole jTj, constructed by pasting 
together two copies of the Schwarzschild solution at a > 2M. Considering a linearized 
radial perturbation around a static solution, in the spirit of [HI E] , regions of stability 
were discovered, which lie in a somewhat unexpected patch. This is due to the fact that 
one does not have a detailed microphysical model for exotic matter, in fact, nothing 
is known on equations of state of exotic matter. See discussion in Poisson- Visser [Zj. 
Building on this, Eiroa and Romero ^0] analyzed charged thin-shell wormholes and 
found that the regions of stability are greatly increased for large values of charge. 

The presence of a cosmological constant is also an issue that has been extensively 
analyzed in the literature. For instance, Kim [11] analyzed Schwarzschild-de Sitter 
wormholes, using the cut-and-paste construction. Considering specific equations of 
state the role of the cosmological constant in the classical and quantum stabilities 
was studied. This analysis was a natural extension of the Schwarzschild wormhole 
solution discussed in [UH2]- Later, Kim and collaborators [THj discussed the (2 + 1)- 
dimensional Schwarzschild-de Sitter wormhole, where once again taking into account 
specific equations of state, the respective dynamical stability of this type of wormhole 
was discussed. A comparison with the (3 + l)-dimensional Schwarzschild-de Sitter 
wormhole and the (2 + l)-dimensional discussed in ^3] was established. A partial 
stability analysis of a (2 + l)-dimensional wormhole solution, in the presence of A, was 
explored by Delgaty and Mann [T^], in which the simple case of a constant line energy 
density was considered. 

More recently, prompted by the Randall-Sundrum brane world scenario ^HJ ITTj . 
where our universe is viewed as a domain wall in five dimensional anti-de Sitter space, 
Kraus JH] analyzed the dynamics of 5-dimensional anti-de Sitter domain walls. The 
motion of the wall was determined using the Darmois-Israel formalism. The possible 
wall trajectories were described and the consequences for localized gravity on the wall 
were examined. Anchordoqui et al ^H] considered the dynamics of the simple case of 
onebranes in 3-dimensional anti-de Sitter space and generalized the previous analysis for 
an arbitrary number of dimensions, studying the quantum behaviour within the context 
of the WKB approximation. Using the standard linearization analysis, Anchordoqui and 
Olsen [20] studied the classical stability and different behaviours for the expansion of 
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the universe by imposing constraints on the speed of sound, within (d + 1) -dimensional 
anti-de Sitter background spaces. The formation of black holes due to the gravitational 
collapse of matter trapped on the brane, within the context of the Randall-Sundrum 
models was discussed in j2J. Chamblin et al conjectured that a non-rotating uncharged 
black hole on the domain wall is described by a black cigar solution in five dimensions. 
They also considered the five dimensional Schwarzschild-anti de Sitter solution as 
another candidate for a black hole formed by the gravitational collapse on a domain 
wall in anti-de Sitter space. A great deal of attention on the issue of gravity on the 
brane within the Randall-Sundrum scenario has also been devoted to the cosmological 
solutions [22 HUE! ■ 

Furthermore, spherically symmetric and static traversable wormholes in the 
presence of a generic cosmological constant, A, were analyzed in |2Ej- A matching 
of an interior solution to the unique exterior vacuum solution was carried out, and 
the respective structure and several physical properties and characteristics due to A 
were explored. Specific cases of thin shells at the matching due to the effects of the 
cosmological constant were studied. In the present paper, we concentrate the exotic 
matter to the wormhole throat, generalizing the Poisson-Visser analysis for thin- shell 
wormholes in the presence of a non- vanishing cosmological constant. As in 
we shall consider linearized radial perturbations around a static wormhole solution, 
which is complementary to the analysis discussed by Kim [H]. The advantage of this 
method resides mainly in the fact that one defines a parametrization of the stability 
of equilibrium EH], as not to specify an equation of state on the boundary surface. 
This paper is organized as follows. In section 2 the cut-and-paste construction and the 
Darmois-Israel formalism are briefly presented, and the surface stresses are deduced. 
In section 3, a linearized stability analysis is studied in the presence of a generic 
cosmological constant. Some properties and characteristics of the static solution is also 
analyzed. In section 4 we conclude and in the Appendix we briefly consider a linearized 
stability in (2 + 1) -dimensional Schwarzschild-de Sitter thin-shell wormholes. 

2. Thin-shell wormholes with a cosmological constant 

To generalize the analysis of Poisson-Visser, consider the unique spherically symmetric 
vacuum solution in the presence of a non- vanishing cosmological constant, i.e., 

ds 2 = -(l- — - -r 2 ) dt 2 +(l- — - -r 2 ) ~* dr 2 + r 2 (d6 2 + sin 2 9 d^ 2 ) . (1) 
V r 3 / V r 3 / 

If A > 0, the solution is denoted by the Schwarzschild-de Sitter metric. For A < 0, we 

have the Schwarzschild-anti de Sitter metric, and of course the specific case of A = is 

reduced to the Schwarzschild solution. Note that the metric (1) is not asymptotically 

flat as r — > oo. Rather, it is asymptotically de Sitter, if A > 0, or asymptotically anti-de 

Sitter, if A < 0. But, considering low values of A, the metric is almost flat in the range 

M<r<l/ y/X. For values below this range, the effects of M dominate, and for values 

above the range, the effects of A dominate, as for large values of the radial coordinate 
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2.1. The Schwarzs child- de Sitter spacetime, A > 

If < 9AM 2 < 1, the factor /(r) = (1 — 2M/r — Ar 2 /3) possesses two positive real 
roots, r b and r c , corresponding to the black hole and the cosmological event horizons of 
the de Sitter spacetime, respectively. Considering the following definitions 



we verify that 



-M[(A + B) + v /z 3(A - B)\ , (4) 
2M(A + B), (5) 



are the black hole and the cosmological event horizons, respectively. Considering 
AM 2 < 1, we have 

r b = 2M (l + 4AM 2 /3) , (6) 



'3/A \l-My/A/3\ . (7) 
See for details. If 9AM 2 = 1, both horizons coincide at r b = r c = 3M. 

2.2. The Schwarzs child- anti de Sitter spacetime, A < 

For the Schwarzschild-anti de Sitter metric, with A < 0, the factor f(r) = (1 — 2M/r + 
|A|r 2 /3) has only one real positive root, r&, given by 

n= {w) 1 + V 1 + (9|A|Mp+ ^1 - vT+ (9|A|M 2 )~i \ , (8) 
corresponding to a black hole event horizon. For |A|M 2 1 one obtains 

r b = 2M(l -4|A|M 2 /3) . (9) 
See for details. 

2.3. The Darmois- Israel formalism and the cut-and-paste construction 

Given this, we may construct a wormhole solution, using the cut-and-paste technique 
Consider two vacuum solutions with A and remove from each spacetime the region 
described by 

^1,2 = {ri, 2 < a\ a > r b } , (10) 

where a is a constant and r& is the black hole event horizon, corresponding to the 
Schwarzschild-de Sitter and Schwarzschild-anti de Sitter solutions, equation (jlj) and 
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equation (|8|). respectively. The removal of the regions results in two geodesically 
incomplete manifolds, with boundaries given by the following timelike hypersurfaces 

<9fii,2 = {n,2 = a\ a > r b } . (11) 

Identifying these two timelike hypersurfaces, dQ\ = dfl 2 , results in a geodesically 
complete manifold, with two regions connected by a wormhole and the respective throat 
situated at dQ. The wormhole connects two regions, asymptotically de Sitter or anti-de 
Sitter, for A > and A < 0, respectively. 

We shall use the Darmois-Israel formalism to determine the surface stresses at the 
junction boundary [HUH]. The intrinsic surface stress-energy tensor, Sy, is given by the 
Lanczos equations |Hj in the form S". = —-^ {k 1 • — 5 l jH k k ). For notational convenience, 
the discontinuity in the second fundamental form or extrinsic curvatures is given by 
Kij = — K^. The second fundamental form is defined as 



dx a dx@ 



( d 2 x 1 ± dx a dx 13 ^ 

= ~ ni {ww +TJap ww) ' (12) 

where n 7 are the components of the unit normal vector to dQ, and represent the 
intrinsic coordinates in dQ. The superscripts ± correspond to the exterior and interior 
spacetimes, respectively. The parametric equation for dfl is given by f(x^ (£')) = and 
the respective unit 4-normal to dQ is defined by 

-1/2 



± 



a/3 



df df 



9f (13) 



dxi 1 



dx a dx$ 

with n^Bji = +1. The intrinsic metric at dQ is given by 
ds 

where r is the proper time as measured by a comoving observer on the wormhole throat 



m = -dr 2 + a 2 (r) (d6 2 + sin 2 9 dcj) 2 ) , (14) 



2-4- The surface stresses 

Considerable simplifications occur due to spherical symmetry, namely 

«*j = diag (V r , k%, . 

Thus, the surface stress-energy tensor may be written in terms of the surface energy 
density, a, and the surface pressure, p, as 

S) = diag(-cr,p,p) , 

which taking into account the Lanczos equations, reduce to 

a=-±-K e e , (15) 
P = ^{k\ + k\). (16) 

87T 
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This simplifies the determination of the surface stress-energy tensor to that of the 
calculation of the non-trivial components of the extrinsic curvature. 

The imposition of spherical symmetry is sufficient to conclude that there is no 
gravitational radiation, independently of the behavior of the wormhole throat. The 
position of the throat is given by x^(r, 9, <fi) = (£(t), a(r), 0, 0), and the respective 4- 
velocity is 



/ l-2M/a-Aa 2 /3 + d 2 

u "= ^ i-2M/«-AaV3 • a -°-°'- (17) 

where the overdot denotes a derivative with respect to r. 

The unit normal to the throat may be determined by equation (J 13)) or by the 
contractions, U^n^ = and n^n^ = +1, and is given by 

..fa 



, Jl - 2M/a - Aa 2 /3 + d 2 , 0, 



\1 - 2M/a- Aa 2 /3' 
Using equation (JTJ), equation (|T2^) and equation (fTSj) . the non-trivial components of 
the extrinsic curvature are given by 



KY = ± -Jl - 2M/a - Aa 2 /3 + d 2 , (19) 



Mia 2 - Aa/3 + a 

K T± = ± ' ' , (20) 

1 - 2M/a- Aa 2 /3 + d 2 



Thus, the Einstein field equations, equations (fT^ |) -(fTH |) . with equations (fTO ^ - pUl) . then 
provide us with the following surface stresses 

1 



a = - Jl- 2M/a - Ao 2 /3 + d 2 , (21) 

2na v 

^ _ 1 1 - M/a - 2Aa 2 /3 + a 2 + ad 

1 4 ™ yjl - 2M/a - Aa 2 /3 + d 2 

We also verify that the above equations imply the conservation of the surface stress- 
energy tensor 

& = -2(<r + p)- (23) 
a 

or 

^r^+p-r = o, (24) 

dr dr 

where A = Ana 2 is the area of the wormhole throat. The first term represents the 
variation of the internal energy of the throat, and the second term is the work done by 
the throat's internal forces. 

3. Linearized stability analysis 

Equation ()21j) may be recast into the following dynamical form 

n 2M A 9 . , 2 

a 2 a 2 - 2vraa 2 = -1 , 25 

a 3 
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which determines the motion of the wormhole throat. Considering an equation of state 
of the form, p = p(a), the energy conservation, equation (j2HJ), can be integrated to yield 

ln(a) = -- / —, r . (26) 

This result formally inverted to provide o = o~(a), can be finally substituted into 
equation (|23j) . Equation (|23|) can also be written as a 2 = —V(a), with the potential 
defined as 

Via) = 1 - — - -a 2 - (2ixoaf . (27) 
a 3 

3.1. Static solution 

One may explore specific equations of state, but following the Poisson-Visser reasoning 
[7j, we shall consider a linear perturbation around a static solution with radius do- The 
respective values of the surface energy density and the surface pressure, at a , are given 
by 

o- = ~ -^Jl-2M/a -Aa 2 /3, (28) 
Znar 



1 1 - Mj a, - 2Aqg/3 
4vra _ 2M/a - Aag/3 

One verifies that the surface energy density is always negative, implying the violation 
of the weak and dominant energy conditions. 

The null energy condition is satisfied if cr + po > 0. Taking into account the 
following relationship 

1 1 - 3M/q 

o- +Po = -- , (30) 

4vra _ 2M/a - Aag/3 

the null energy condition is satisfied for a < 3M, considering a generic cosmological 
constant. 

The strong energy condition is satisfied if o~ + Po > and cr + 2p > 0, and by 
continuity implies the null energy condition. Consider 

1 M/a - Aa^/3 , x 

a + 2p = - . 1 0/ 31 

2na _ 2M/a - Aa 2 /3 

For the Schwarzschild and the Schwarzschild-anti de Sitter spacetimes, A < and 
M > 0, the condition o~o + 2p > is verified. The Schwarzschild-de Sitter solution, 
A > 0, requires a further analysis. Exercising simple algebraic gymnastics, we verify 
that the imposition of ao < 3M, so that the null energy condition is satisfied, and taking 
into account 9AM 2 < 1, implies M/a > Aa^/3, so that o~ + 2p > 0. We conclude 
that the null and strong energy conditions are satisfied for a < 3M for a generic A. 
In particular, for M = and A = 0, the above analysis is reduced to the Minkowski 
surgery discussed in j2j, in which all the pointwise and averaged energy conditions are 
violated for a convex section of the wormhole throat. For M = and A ^ 0, the de 
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Sitter and the anti-de Sitter solutions, considering equation (J2S|) and equation (JHU|) . all 
the energy conditions are also violated. 

An analysis of the sign of po, equation (f2T)|) . is also in order. For the Schwarzschild 
and the Schwarzschild-anti de Sitter solutions, A < 0, p Q is positive, implying a surface 
pressure. But, for the Schwarzschild-de Sitter spacetime po may have a negative value, 
assuming the character of a surface tension. The sign of po is analyzed in Figure 1, where 
we plot 9AM 2 x 2M/oq. For large values of the cosmological constant, or for large M, 
and for large values of ao, one verifies that a surface tension is needed to support the 
structure. This is somehow to be expected because for high values of A the large-scale 
curvature of the solution has to be taken into account. Therefore, one needs a tension 
to hold the wormhole from expanding. For low values of A and for small ao, Po is a 
surface pressure, preventing the wormhole from collapsing. The qualitative behavior of 
Po is similar to the surface pressure/tension for the thin-shells considered in |25j . 

The behavior of the sign becomes transparent in the following algebraic analysis. 
Consider the factors given by /(ao) = (1 _ 2M/a — Aal/3) and h(ao) = (1 — M/a — 
2Aa 2 /3). Define a = 2M/a and (3 = 9AM 2 , so that (3 = 27a 2 (l - a) /A is considered 
for /(a ) = 0, which is depicted as a solid line in Figure 1. po will be null if h(a ) = 0, 
i.e., for 9AM 2 = 27a 2 (l — a/2)/8, depicted as a dashed line in Figure 1. A surface 
pressure is present, p > 0, if h(a ) > 0, which is shown to the right of the dashed curve 
in Figure 1. A surface tension, po < 0, is shown to the left of the dashed line. 

1-T 

0.8^ 
0.6 : 

P : 

0.4 : 
0.2 : 



0.2 0.4 a 0.6 0^8 

Figure 1. We have defined a = 2M/ao and (3 = 9AM 2 . Only the region below the 
solid line is considered. The dashed line depicts a null surface pressure. To the right 
of the dashed curve we have a surface pressure, and to the left a surface tension. See 
text for details. 




3.2. Linearization analysis 

Linearizing around the stable solution at a = ao, we consider a Taylor expansion of V(a) 
around a to second order, which provides 

V(a) = V(a ) + V'(a )(a - a ) + ^ V"(a )(a - a ) 2 + 0[(a- a ) 3 ] , (32) 

where the prime denotes a derivative with respect to a, d/da. 
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To determine the first and second derivatives of the potential equation (|27)l. V'(a) 
and V"(a), respectively, it is useful to rewrite the conservation of the surface stress- 
energy tensor, equation (J2Bj), as a' a = —2(a+p), taking into account a' = a /a. 
Defining the parameter r](a) = dp/ da = p'/cr', we have a' + 2p' = o~'(l + 27/). The 
physical interpretation of 77 is discussed in and ^frj is normally interpreted as the 
speed of sound. With these results, V'(a) and V"(a) are respectively given by 

2M _., 

(33) 



V'(a) 
V"(a) 



2A 2 . 

—a + 8n aa (a + 2p) 



AM 



2A 

— - 87T 2 [(<r + 2p) 2 + 2a(a + p)(l + 2r/)]. 
o 



(34) 



Evaluated at the static solution, at a = a , using equations 
account equation (|5U|l and equation (|3*Tj). we readily find V^(a 
with K"(ao) given by 



and taking into 
and V'{a ) = 0, 



2M A 



(M/oq - Aa 2 /3Y 



V " {ao) ~ ~ 2 a + 3 °° + 1 - 2M/a - Aag/3 

where 770 — vi^o)- 

The potential V(a), equation (|3*2^1. is reduced to 



a J 



2?7o 



3M 
a 



(35) 



y(a) = - y"(a )(a ~ ^o) 2 + O [(a 



(36) 



so that the equation of motion for the wormhole throat presents the following form 



--V"(a )(a-a ) 2 + O[(a 



a ) 



(37) 



to the order of approximation considered. If V"(ao) < is verified, then the potential 
V(ao) has a local maximum at a , where a small perturbation in the wormhole throat's 
radius will provoke an irreversible contraction or expansion of the throat. Thus, the 
solution is stable if and only if V(ao) has a local minimum at a and V"(do) > 0, i.e., 

;i + 2r/ ) 1-— <0 (38) 



2M A 



a 



2 (M/oq - Aal/3y 
+ 3 a ° + 1 



or 



3M\ 

—) < 



2M/a - Aal/3 
1 - 3M/a + 3M 2 /a 2 - AMa 



«o 



(39) 



a / 2 (1 - 2M/a - Aag/3) 

We need to analyze equation (|39|) for several cases. Firstly, for the Schwarzschild- 
de Sitter solution, A > 0, we are only interested in the range r b < a < r c , 
with r b and r c given by equation and equation (j5J), respectively. The factor 
g(cto) = (1 — 3M/a + 3M 2 /oq — AMa ) has only one positive root, a r , so that g(a ) >0 
for ao < a r , and g(ao) < for ao > a r . It is a simple matter to prove that a r > r c , i.e., 
the value for which the factor g(a,o) becomes negative is greater than the cosmological 
horizon, r c . In particular, if AM 2 1, we verify that a r 3> r c . For transparency, 
consider the following algebraic analysis, analogous to the one preceding Figure 1. 
Consider the factor f(a ) = (1 - 2M/a - Aag/3). Define a = 2M/a and (3 = 9AM 2 , 
so that (3 = 27a 2 (1 — a)/4 is considered for /(ao) = 0, depicted as a solid line in Figure 
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2. g(a ) = or 9AM 2 = 2a(l — 3a/2 + 3a 2 /4)/9 is shown as a dashed line in Figure 2. 
The region of values for which g(a ) > is depicted below the dashed line, which covers 
the entire area of interest. Thus, the right-hand-side of equation (f3T)|) in the range of 
interest, r b < a < r c , is strictly negative. 




Figure 2. We have defined a — 2M/ao and (3 = 9AM 2 . Only the region below the 
solid line is considered. The region of values for which g(ao) > is depicted below the 
dashed line. See text for details. 

Secondly, for the Schwarzschild-anti de Sitter spacetime, A < 0, we verify that the 
factor h(a ) = (1 — 3M/ao + 3M 2 ja\ + |A|Moo) is always positive. 

Thirdly, if M = and A / 0, the solution reduces to the de Sitter spacetime, if 
A > 0, and to the anti-de Sitter, if A < 0, we verify that the right-hand-side of equation 
(|3*9~|) is always negative. If A = and M^0, the analysis is reduced to the Schwarzschild 
solution, considered by Poisson and Visser [7j. 

Therefore, for all the cases considered above, the right hand side of equation ()39|) is 
always negative, while the left hand side changes sign at a = 3M. Thus, one deduces 
that the stability regions are dictated by the following inequalities 



1 - 3M/a + 3M 2 /a 2 - AMa 
2 (1 - 2M/a - Aa§/3) (1 - 3M/a ) 

1 - 3M/a + 3M 2 /a 2 Q - AMa 
2(1- 2M/a - Aal/3) (1 - 3M/a ) 
One may analyze several cases. 



Vo < 



Vo > 



a > 3M 



a < 3M. 



(40) 
(41) 



3.2.1. De Sitter spacetime. For the de Sitter spacetime, with M 
equation (J3l?j) reduces to 

^ 0< ' 2(l-Aa 2 /3) ' for °< fl o< 
The stability region is depicted in the left plot of figure 3. 



and A > 0, 



(42) 



3.2.2. Anti-de Sitter spacetime. For the anti-de Sitter spacetime, with M = and 
A < 0, equation (f3HJ) gives 

^° < ~ on i i a i 2 /o\ ' for a > , (43) 
2(1 + |A| ag/3) 
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and the respective stability region is depicted in the right plot of figure 3. As mentioned 
in the Introduction the role of a negative cosmological constant plays an important 
role in the Randall-Sundrum models [TBI HZj . Anchordoqui and Olsen [201 considered 
the dynamics of a <i-dimensional brane-world sweeping through the (d + l)-dimensional 
bulk, by imposing constraints on the brane-world cosmologies and considering that 
V"(a ) < 0, so that V(a ) is a local maximum at a . In particular, they analyzed 
different behaviours for the expansion of the universe by imposing constraints on the 
speed of sound. But, in the presence of exotic matter one cannot naively interpret r]o as 
the speed of sound on the wormhole throat. Therefore the plots that we have considered 
generally extend beyond < rjo < 1. Equation (|4*3*J) may be readily obtained from the 
Anchordoqui-Olsen linearized stability analysis by setting d = 3 and considering that 
V(clq) is a local minimum so that V"(ao) > 0. 




0^2 0.4 ^ 0.6 0.8 1 ~ - 6 i 2 g 3 4 5 



Figure 3. We have defined A = ao/^/A) 1 / 2 and 6 = a / (i/^) 1 / 2 , respectively. The 
regions of stability are depicted in the graphs, below the curves for the de-Sitter and 
the anti-de Sitter solutions, respectively. 



3.2.3. Schwarzschild spacetime. This is the particular case of the Poisson-Visser 
analysis |7], with A = 0, which reduces to 



1 - 3M/a + 3M 2 lal 

"" < - 2(l-2M/aHl-3Af/%) ' "° > ™ ' <44> 
1 - 3M/a + 3M 2 /i& 

"» > - 2(l-2M/a)(l-3AV a .) ' < ™ ' <45) 

The stability regions are shown in the left plot of figure 4. 



3.2.4- Schwarzschild-anti de Sitter spacetime. For the Schwarzschild-anti de Sitter 
spacetime, with A < 0, we have 

l-3M/a + 3M 2 /a 2 + \A\Ma 

V0 < "2(l-2M/ao + |A|a§/3)(l-3M/ao) ' G ° W 

l-3M/a + 3M 2 /al + \A\Ma Q 
V0 > "2(l-2M/ao + |A|a§/3)(l-3M/ao) ' ° ( } 
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The regions of stability are depicted in the right plot of figure 4, considering the 
value 9|A|M 2 = 0.9. In this case, the black hole event horizon is given by r b ~ 1.8 M. 
We verify that the regions of stability decrease, relatively to the Schwarzschild case. 

Various aspects of the five dimensional Schwarzschild-anti de Sitter solution were 
treated in [181 EI]- Kraus considered the dynamics of anti-de Sitter domain wall with 
a static bulk ^H]; by deducing equations of motion of the wall applying the Darmois- 
Israel formalism. Observers on the wall interpret the motion of the wall through the 
static background as a cosmological expansion or contraction. One may generalize the 
(d + l)-dimensional anti-de Sitter Anchordoqui-Olsen linearized stability analysis [211] 
to the (d + l)-dimensional Schwarzschild-anti de Sitter solution, and obtain equations 
(gSJ-jlZJ) by setting d = 3. 




a a 

Figure 4. We have defined a — ao/M. The regions of stability are depicted for the 
Schwarzschild and the Schwarzschild-anti de Sitter solutions, respectively. Imposing 
the value 9|A|M 2 = 0.9 in the Schwarzschild-anti de Sitter case, we verify that the 
stability regions decrease relatively to the Schwarzschild solution. 



3.2.5. Schwarzschild- de Sitter spacetime. For the Schwarzschild-de Sitter spacetime, 
with A > 0, we have 

1 - 3M/a + 3M 2 /a 2 - AMa c 
2 (1 - 2M/ao - Aao/3) (1 - 3M/a ) 



1 — 3M/a + 3M 2 /a 2 l — AMa 
"" > - 2(l-2M/a -Aag/3) (l-3Af/a ) • - < M ^ 
The regions of stability are depicted in figure 5 for increasing values of 9AM 2 . 
In particular, for 9AM 2 = 0.7 the black hole and cosmological horizons are given by 
r& ~ 2.33 M and r c = 4.71 M, respectively. Thus, only the interval 2.33 < a^jM < 4.71 
is taken into account, as shown in the range of the respective plot. Analogously, for 
9AM 2 = 0.9, we find r b ~ 2.56 M and r c = 3.73 M. Therefore only the range within 
the interval 2.56 < ao/M < 3.73 corresponds to the stability regions, also shown in the 
respective plot. 

We verify that for large values of A, or large M, the regions of stability are 
significantly increased, relatively to the A = case. 
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a a 

Figure 5. We have defined a = ao/M. The regions of stability for the Schwarzschild- 
de Sitter solution, imposing 9AM 2 = 0.3, 9AM 2 = 0.5, 9AM 2 = 0.7 and 9AM 2 = 0.9, 
respectively. The regions of stability are significantly increased, relatively to the A = 
case, for increasing values of 9AM 2 . 

4. Conclusion 

The traditional manner of solving the Einstein field equation consists in considering 
a plausible stress-energy tensor and finding the respective geometrical structure. 
Specifically, physically plausible equations of state are derived for the respective 
pressures as a function of the energy density, and using the Einstein field equation, the 
respective metric is determined. In considering wormhole solutions, the Einstein field 
equation is run in the reverse direction by imposing an exotic metric, g^, and eventually 
the matter source for the respective geometry is found. In this manner, solutions 
involving the violation of the energy conditions have been found. However, up to date a 
detailed microphysical model describing the physics of exotic matter does not exist, i.e., 
nothing is known on equations of state of exotic matter. Under normal circumstances the 
parameter y/Tfo is interpreted as the speed of sound, but in the presence of exotic matter 
this cannot naively be done so. Consequently, one cannot a priori impose < i]q < 1, as 
there are several known examples of exotic r/o < behavior, namely the Casimir effect 
and the false vacuum. See [I] for a detailed analysis. Therefore, the conditions r] > 1 
and r] Q < cannot be ruled out, until a detailed microphysical model of exotic matter 
is devised. 
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However, we have found that for large positive values of A, i.e., the Schwarzschild- 
de Sitter solution, the regions of stability significantly increase relatively to the case 
analyzed by Poisson and Visser, imposing less severe restrictions on 770- For negative 
values of A, i.e., the Schwarzschild-anti de Sitter, the regions of stability decrease. 



Appendix A. Linearized stability in (2 + l)-dimensional Schwarzschild-de 
Sitter thin-shell wormholes 

It is interesting to analyze the (2 + l)-dimensional Schwarzschild-de Sitter solution |13j . 
The metric is given by 

, 2 (1-4M-Ar 2 ) , 2 dr 2 2 - , A . 

ds 2 = -± — J -dt 2 + - — — + r 2 d(p 2 . A.l 

I -AM 1-AM-Ar 2 Y K 1 



For 1 — 4M > 0, an event horizon appears at r b = y (1 — AM)/ A. We shall only consider 
the static spacetime, with r < r b . 

If A = 0, eq. (|A.1J) is reduced to the (2 + l)-dimensional Schwarzschild metric, 

ds 2 = _ dt 2 + ^ + r 2 d(j) 2 (A 2) 

1-4M y K ' 

The properties and characteristics of the metric (jA.2|) are discussed in [T3*l ITi] . 

Considering M = 0, eq. (jA.lj) reduces to the (2 + 1) -dimensional de Sitter metric, 
given by 

ds 2 = -(1 - A r 2 ) dt 2 + + r 2 d<p 2 . (A.3) 

1 - Ar 

Considering the cut-and-paste construction described in section 2.3, the Lanczos 
equations in (2 + l)-dimensions reduce to 

= - , (A.4) 

P= +g^«V (A.5) 
The extrinsic curvatures are given by 



K 8 ^ = ± -VI -AM- Aa 2 + a 2 , (A.6) 
a 

K\± = ± - " Aa + " , (A.7) 

VI - AM - Aa 2 + a 2 V ; 

and eqs. (|A.4|) - (|A.5|) take the following form 

1 



a 



Vl-AM- Aa 2 + a 2 , (A.8) 

Ana 

1 Aa 2 — ad , . . 

P= ; ( A - 9 ) 

Ana vl - AM - Aa 2 + a 2 

The conservation of the line stress-energy tensor implies 

a=-(a + p)~ (A.10) 
a 
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or 

al (al) dl / a 1 1 \ 

^r +p Tr = - (A - n) 

where I = 2ira is the circumference of the stress-energy ring . 

The equation of motion of the wormhole throat, deduced from eq. (jA.8|) . takes the 
following form 

a 2 - AM - Aa 2 - (Airaa) 2 = -1 , (A.12) 

or by a 2 = —V(a), with the potential defined as 

V(a) = 1 - AM - Aa 2 - (Anaa) 2 . (A.13) 

Linearizing around the stable solution at a = a , consider the Taylor expansion of 
V(a) around a to second order in section 3.2. The static line energy density and line 
pressure are given by 

1 



a = - - Jl -AM- Aa 2 , (A.14) 

47ra 

1 Aa 2 , 

Po =-- A ° (A.15) 

Ana v /i-4M-Aag 

Considering eq. (JS2J), the first and second derivatives of V(a), are 

V'(a) = -2Aa + 327r 2 aap, (A.16) 

V"{a) = -2A- 32vr 2 [j9 2 + a(a+p)r]} , (A.17) 

taking into account the definition 77(17) = p'/o~' and rewriting the conservation of the 

line stress-energy tensor, equation ([A. 10)1 . as a' a = —(cr + p), with a' = a /a. 

Evaluated at the static solution, at a = a , we readily find V(a ) = and 
V'(ao) = 0, with V"(ao) given by 

y>o) = _.| (1 _ w) ( _^L_ + ^. (A . 18) 

The solution is stable if and only if V"(ao) > 0, or 



Aan 

»<- i- W -iW (A19) 
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